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Elliptic random PDE
Let pΩ,A, P q be a complete probability space, and let D Ă Rd, d P N, be an open, bounded and
connected domain with Lipschitz boundary BD and closure D.

Strong formulation of the elliptic RPDE

Find the solution u : Ω ˆ D Ñ R, such that:

´∇ ¨ pa∇upω, xqq “ f x P D, ω P Ω,

upω, xq “ 0 x P BD, ω P Ω,

where the arising differential operators are understood with respect to the spatial variable x P D.

. Benchmark model in uncertainty quantification to model subsurface flows

. Stochastic diffusion coefficient a : Ω ˆ D Ñ R models permeability

. Stochastic forcing term f : Ω ˆ D Ñ R represents a source

. Solution u : Ω ˆ D Ñ R of the random PDE is a random field as well
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Elliptic random PDE
Let pΩ,A, P q be a complete probability space, and let Dpωq Ă Rd (for each ω P Ω) be open,
bounded and connected with Lipschitz boundary.

Strong random domain formulation of the elliptic PDE

Find the solution u : Ω ˆ Dpωq Ñ R, such that:

´∇ ¨ papxq∇upω, xqq “ fpxq x P Dpωq, ω P Ω,

upω, xq “ 0 x P BDpωq, ω P Ω,

where the arising differential operators are understood with respect to the spatial variable x P Dpωq.

. Benchmark model in uncertainty quantification to model subsurface flows

. Diffusion on a random domain Dpωq

. Solution u : Ω ˆ Dpωq Ñ R of the random domain problem is a random field
as well
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Solution methods of the random PDE

´∇ ¨ papω, xq∇upω, xqq “ fpω, xq

Random PDE

Estimation of statistics of solution

Statistical approach

Approximation of solution random field

Stochastic approach

sampling techniques / stochastic collocation

slow convergence

Statistical methods

spectral expansion / stochastic Galerkin

high dimensional coupled system of det. PDEs

Stochatic methods
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Overview: stochastic Galerkin approaches

´∇ ¨ papω, xq∇upω, xqq “ fpω, xq

RPDE strong formulation

ş

Ω

ş

D apω, xq∇upω, xq ¨ ∇vpω, xq dx dP pωq

“
ş

Ω

ş

D fpω, xqvpω, xq dx dP pωq

RPDE weak formulation
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Overview: stochastic Galerkin approaches

´∇ ¨ papω, xq∇upω, xqq “ fpω, xq

RPDE strong formulation

Bpu, vq “ F pvq @v P L2pΩ;HpD;Rqq

RPDE weak formulation
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Overview: stochastic Galerkin approaches

‚ Requires a strong solution
‚ First and second order derivatives appear
‚ Derivative of diffusion coefficient appears

RPDE strong formulation

‚ Rich Lax-Milgram theory
‚ First order derivatives appear

‚ No derivative of diffusion coefficient
‚ Testing necessary

RPDE weak formulation
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Polynomial chaos expansion
Finite Noise

Y “ pY1, . . . , YN q : Ω Ñ Γ Ă RN

Orthonormal tensorproduct polynomial Basis
ppkqk of L2

pΓ;Rq

Spectral expansion
ϕpω, xq “

ř

k ϕkpxqpkpY pωqq

ϕpy, xq “
ř

k ϕkpxqpkpyq

Truncation at maximal polynomial degree P P N

Coupling dimensionality
M ` 1 “

pN`P q!
N!P !

Solution space
L2;pMq

pΓ;Rq b HpD,Rq

L2;pMq
pΓ;Rq “ spanpp0, . . . , pM q

A. Mugler and H.-J. Starkloff, On the convergence of the stochastic Galerkin method for random elliptic partial differential equations, ESAIM: Mathematical Modelling and Numerical
Analysis

D. Xiu and G. E. Karniadakis, The wiener–askey polynomial chaos for stochastic differential equations, SIAM Journal on Scientific Computing
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Overview: stochastic Galerkin approaches

´∇ ¨ papω, xq∇upω, xqq “ fpω, xq

RPDE strong formulation

Bpu, vq “ F pvq @v P L2pΩ;HpD;Rqq

RPDE weak formulation

RūpMq “ ∇ ¨
`

āpMq∇ūpMq
˘

` f̄ pMq

xRūpMq p¨, xq, pkyL2pΓ;Rq

!
“ 0

Strong SGA

B̄pMqpūpMq, v̄pMqq “ F̄ pMqpv̄pMqq

@v̄pMq P L2;pMqpΓ;HpD;Rqq

Weak SRA

Polynomial chaos expansion
Stochastic Galerkin

I. Babuška and R. Tempone and G. E. Zouraris, Galerkin Finite Element Approximations of Stochastic Elliptic Partial Differential Equations, SIAM Journal on Numerical Analysis
R. G. Ghanem and P. D. Spanos, Stochastic Finite Elements: A Spectral Approach, Springer
C. Schwab and C. J. Gittelson, Sparse tensor discretizations of high-dimensional parametric and stochastic PDEs, Acta Numerica
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B̄pMqpūpMq, v̄pMqq “ F̄ pMqpv̄pMqq

@v̄pMq P L2;pMqpΓ;HpD;Rqq

Weak SRA

Polynomial chaos expansion
Stochastic Galerkin

I. Babuška and R. Tempone and G. E. Zouraris, Galerkin Finite Element Approximations of Stochastic Elliptic Partial Differential Equations, SIAM Journal on Numerical Analysis
R. G. Ghanem and P. D. Spanos, Stochastic Finite Elements: A Spectral Approach, Springer
C. Schwab and C. J. Gittelson, Sparse tensor discretizations of high-dimensional parametric and stochastic PDEs, Acta Numerica

7/13



Overview: stochastic Galerkin approaches

´∇ ¨ papω, xq∇upω, xqq “ fpω, xq

RPDE strong formulation

Bpu, vq “ F pvq @v P L2pΩ;HpD;Rqq

RPDE weak formulation
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Overview: stochastic Galerkin approaches

´∇ ¨ papω, xq∇upω, xqq “ fpω, xq

RPDE strong formulation

Bpu, vq “ F pvq @v P L2pΩ;HpD;Rqq

RPDE weak formulation

‚ Set projected strong residual to zero
‚ Coupled system for spectral coefficients

‚ Generally applicable

Strong SGA

‚ Minimizing energy functional
‚ Coupled system for spectral coefficients

‚ No testing necessary
‚ Applicable in special cases

Weak SRA

Polynomial chaos expansion
Galerkin | Ritz

I. Babuška and R. Tempone and G. E. Zouraris, Galerkin Finite Element Approximations of Stochastic Elliptic Partial Differential Equations, SIAM Journal on Numerical Analysis
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Deep learning solution approach

Stochastic Galerkin method
. Curse of dimensionality: dimension of coupled system grows exponentially in model and

approximation complexity
. Conventional PDE solution techniques reach computational limits fast
. Method is usually limited to low complexity or special cases that enable decoupling schemes

Deep learning approach to the stochastic solution
. Substitute a conventional PDE solver with a deep learning approach
. Mitigate curse of dimensionality: solved coupled system in fairly high dimensions on a single

NIVIDA RTX 3070 GPU
. Cost of giving up theoretical error bounds and convergence rates
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Deep learning approach
Neural network surrogate ūpMq

py, xq « epxq
M
ř

k“0

Nk;θpxqpkpyq

Boundary conditions enforcing
epxq “ 0, x P BD, epxq ą 0, x P D

Loss functions based on stochastic Galerkin/Ritz formulations
Training is unsupervised

S. Berrone, C. Canuto, M. Pintore, and N. Sukumar, Enforcing dirichlet boundary conditions in physics informed neural networks and variational physics-informed neural networks,
Heliyon

N. Sukumar and A. Srivastava, Exact imposition of boundary conditions with distance functions in physics informed deep neural networks, Computer Methods in Applied Mechanics
and Engineering

9/13



Deep learning approach
Neural network surrogate ūpMq
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Overview: stochastic Galerkin approaches

‚ Requires a strong solution
‚ First and second order derivatives appear
‚ Derivative of diffusion coefficient appears

‚ Minimizing a strong residual
‚ Generally applicable

Strong SGA

‚ Rich Lax-Milgram theory
‚ First order derivatives appear

‚ No derivative of diffusion coefficient
‚ No testing necessary

‚ Minimizing a weak residual
‚ Applicable in special cases

Weak SRA

‚ Physics-informed neural network
(M. Raissi, P. Perdikaris, G. E. Karniadakis)

‚ Higher computational cost
‚ Higher hardware requirements

S-GalerkinNet

‚ Deep-Ritz neural network
(W. E, B. Yu)

‚ Loss function given naturally

S-RitzNet

Deep neural network surrogate
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Numerical experiment: log-normal diffusion
Log-normal diffusion coefficient

Gaussian random field, covariance kernel
kpx, x1

q “ exp
`

´ 1
2 px ´ x1

q
2

˘

Truncated KLE: apω, xq “ exp

˜

N´1
ř

k“0

?
λkϕkpxqYkpωq

¸

Forcing term f ” 1

Domain D “ p0, 1q

KLE truncation after N “ 3
Maximal polynomial dimension P “ 0, . . . , 7

Error ϵM,θ «

∥∥u´u
pMq
θ

∥∥
L2pΩ;H1pD;Rqq

∥u∥
L2pΩ;H1pD;Rqq
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Numerical experiment: KL-type diffusion

KL-type diffusion coefficient
apω, px1, x2qq “ 3 ´ x1x2p1 ´ x1qp1 ´ x2q ´

1
2

200
ř

k“1

`

1
k

˘8{5 e´ 1
k

px1´x2q2
pYkpωq ` 1q

Yk „ Upr´1, 1sq

Forcing term f ” 1

Domain D “ p0, 1q
2

KL-type truncation after N “ 1, . . . , 40
Maximal polynomial degree P “ 1
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Numerical experiment: random domain problem
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Numerical experiment: random domain problem
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Thank you for your attention!

Prof. Dr.
Andrea Barth
Institute of applied mathematics and numerical
simulation
University of Stuttgart, Germany
andrea.barth@mathematik.uni-stuttgart.de

M.Sc.
Fabio Musco
Institute of applied mathematics and numerical
simulation
University of Stuttgart, Germany
fabio.musco@mathematik.uni-stuttgart.de
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Appendix: strong Galerkin projection

. Find projection of solution on L2;pMq
pΓ;Rq b H2

0 pD;Rq

. Truncated strong residual

RūpMq py, xq :“ ∇ ¨

´

āpMq
py, xq∇ūpMq

py, xq

¯

` f̄ pMq
py, xq

Strong form stochastic Galerkin approximation

For the truncated deterministic representation f̄ pMq
P L2;pMq

pΓ;L2
pD;Rqq of a given stochastic

forcing term, find the spectral coefficients u0, . . . , uM P H2
0 pD;Rq of

ūpMq
py, xq “

řM
i“0 uipxq pipyq P L2;pMq

pΓ;H2
0 pD;Rqq such that for every k “ 0, . . . ,M

@

RūpMq p¨, xq , pk
D

L2pΓ;Rq
“ 0 x P D,

@

ūpMq
p¨, xq , pk

D

L2pΓ;Rq
“ 0 x P BD.
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Appendix: weak Galerkin projection

. Substitution of truncated deterministic representations of random fields to approximate bilinear
and linear form

Weak form stochastic Galerkin approximation

For the truncated deterministic representation f̄ pMq
P L2;pMq

pΓ;H´1
pD;Rqq of a given stochastic

forcing term, find the spectral coefficients u0, . . . , uM P H1
0 pD;Rq of

ūpMq
py, xq “

řM
i“0 uipxqpipyq P L2;pMq

pΓ;H1
0 pD;Rqq such that

B̄pMq
pūpMq, v̄pMq

q “ F̄ pMq
pv̄pMq

q for all v̄pMq
P L2;pMq

pΓ;H1
0 pD;Rqq.

. Stochastic Ritz approach: Solution u* is given as

u* “ argmin
ūpMqPL2;pMqpΓ;H1

0 pD;Rqq

1

2
B̄pMq

pūpMq, ūpMq
q ´ F̄ pMq

pūpMq
q “: ĒpMq

pūpMq
q
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Appendix: S-GalerkinNet training strategy
. Recap: R

ū
pMq

θ

py, xq “ ∇ ¨

ˆ

´

řM
i“0 aipxqpipyq

¯

∇
´

řM
j“0 USG

j;θ pxqpjpyq

¯

˙

`
řM

k“0 fkpxqpkpyq

. Goal: find θ* P ΘSG:
@

R
ū

pMq

θ*
p¨, xq, pk

D

L2pΓ;Rq

!
“ 0, for every k “ 0, . . . ,M, x P D

Theorem

For smooth activation functions and every θ P ΘSG and k “ 0, . . . ,M , the mapping
x ÞÑ

@

R
ū

pMq

θ

p¨, xq, pk
D

L2pΓ;Rq
is a member of L2

pD;Rq, i.e.
ş

DxRUSG
θ

p¨, xq, pky
2
L2pΓ;Rq dλpxq ă 8.

. Unsupervised loss function of least-squares type:

LSG
px;N SG

θ q :“
1

M ` 1

M
ÿ

k“0

@

RUSG
θ

p¨, xq, pk
D2

L2pΓ;Rq

. Training of S-GalerkinNet: Find a set of parameters θ* P ΘSG, such that

λpDq
1

n

n
ÿ

i“1

LSG
pxi;N SG

θ* q
!

“ 0
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Appendix: S-RitzNet training strategy

. Recap:

ĒpMq
pū

pMq

θ q “

ż

D

ż

Γ

1

2
apMq

py, xq ∥∇ū
pMq

θ py, xq∥22 ´ f
pMq

py, xq ū
pMq

θ py, xq dµpyq dλpxq

. Goal: find θ* P ΘSR : ū
pMq

θ* “ argmin
ū

pMq

θ

ĒpMq
pū

pMq

θ q

. Unsupervised loss function naturally given:

LSR
px;N SR

θ q “

ż

Γ

1

2
apMq

py, xq ∥∇ū
pMq

θ py, xq∥22 ´ f
pMq

py, xq ū
pMq

θ py, xq dµpyq

. Training of S-RitzNet: Find a set of parameters θ* P ΘSR, such that

λpDq
1

n

n
ÿ

i“1

LSR
pxi;N SR

θ* q Ñ min!
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Appendix: architectures S-GalerkinNet and S-RitzNet

(x1, . . . , xn) ∈ Dn

Input

Gijk = ⟨pipj , pk⟩L2(Γ;R)

Precomputation

= N SG/SR
0;θ (xl)

...

= N SG/SR
M ;θ (xl)

Neural Network

USG/SR
θ (xl) = e(xl)N SG/SR

θ (xl)

∇USG/SR
θ (xl)

∆USG
θ (xl)

Derivative Layer

Ajk(xl) =
∑M

i=0 ai(xl)Gijk

Bjk(xl) =
∑M

i=0 ∇ai(xl)Gijk

Ajk(xl) =
∑M

i=0 ai(xl)Gijk

Operator Layer

λd(D) 1n
∑n

l=1
1

M+1

∑M
k=0

(∑M
j=0 Ajk(xl)∆USG

j;θ (xl)

+Bjk(xl) · ∇USG
j;θ (xl) + fj(xl)

)2

λd(D) 1n
∑n

l=1

(
1
2

∑M
i,j=0 Aij(xl)∇USR

i;θ (xl) · ∇USR
j;θ(xl)

−∑M
k=0 fk(xl)USR

k;θ(xl)
)

Empirical Risk

S-GalerkinNet / S-RitzNet
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