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Elliptic random PDE
Let (€, A, P) be a complete probability space, and let D « R?, d € N, be an open, bounded and
connected domain with Lipschitz boundary 6D and closure D.

Strong formulation of the elliptic RPDE

Find the solution u : Q x D — R, such that:

-V (aVu(w,z)) = f z€D, wEe X,
u(w,z) =0 z€0D, we,

where the arising differential operators are understood with respect to the spatial variable x € D.

® Benchmark model in uncertainty quantification to model subsurface flows
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Elliptic random PDE
Let (€, A, P) be a complete probability space, and let D « R?, d € N, be an open, bounded and
connected domain with Lipschitz boundary D and closure D.

Strong formulation of the elliptic RPDE

Find the solution u : Q x D — R, such that:

-V - (a(w, x) Vu(w,z)) = f zeD,weqQ,
u(w,z) =0 € 0D, weQ,

where the arising differential operators are understood with respect to the spatial variable x € D.

® Benchmark model in uncertainty quantification to model subsurface flows
® Stochastic diffusion coefficient a : 2 x D — R models permeability
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Elliptic random PDE
Let (€, A, P) be a complete probability space, and let D « R?, d € N, be an open, bounded and
connected domain with Lipschitz boundary 6D and closure D.

Strong formulation of the elliptic RPDE

Find the solution u : Q x D — R, such that:

-V - (a(w,z) Vu(w,z)) = f(w,x) z€D,weq,
u(w,z) =0 x€dD, we N,

where the arising differential operators are understood with respect to the spatial variable x € D.

® Benchmark model in uncertainty quantification to model subsurface flows
® Stochastic diffusion coefficient a : 2 x D — R models permeability

A it e Stochastic forcing term f : Q x D — R represents a source
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Elliptic random PDE
Let (€, A, P) be a complete probability space, and let D « R?, d € N, be an open, bounded and
connected domain with Lipschitz boundary 6D and closure D.

Strong formulation of the elliptic RPDE

Find the solution u : Q x D — R, such that:

-V - (a(w,z) Vu(w,z)) = f(w,x) z€D,weq,
u(w,z) =0 x€dD, we N,

where the arising differential operators are understood with respect to the spatial variable x € D.

Benchmark model in uncertainty quantification to model subsurface flows
Stochastic diffusion coefficient a : 2 x D — R models permeability
Stochastic forcing term f : Q x D — R represents a source

Solution u : Q x D — R of the random PDE is a random field as well
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Elliptic random PDE
Let (€, A, P) be a complete probability space, and let D(w) < R? (for each w € Q) be open,
bounded and connected with Lipschitz boundary.

Strong random domain formulation of the elliptic PDE

Find the solution u : Q x D(w) — R, such that:

-V (a(z) Vu(w,z)) = f(z) z € D(w), we Q,
u(w,z) =0 z € 0D(w), w € Q,

where the arising differential operators are understood with respect to the spatial variable z € D(w).

® Benchmark model in uncertainty quantification to model subsurface flows

e Diffusion on a random domain D(w)
® Solution u : Q x D(w) — R of the random domain problem is a random field
as well
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Solution methods of the random PDE

Random PDE

-V - (a(w, z) Vu(w, z)) = f(w,z)

Statistical approach

Estimation of statistics of solution

Statistical methods

sampling techniques / stochastic collocation

slow convergence

: University of Stuttgart
Germany

1ans-

413



Solution methods of the random PDE

Random PDE

-V - (a(w, z) Vu(w, z)) = f(w,z)

Statistical approach Stochastic approach

Estimation of statistics of solution Approximation of solution random field

Statistical methods Stochastic methods

sampling techniques / stochastic collocation spectral expansion / stochastic Galerkin

slow convergence high dimensional coupled system of det. PDEs
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Overview: stochastic Galerkin approaches

RPDE strong formulation RPDE weak formulation
§o §p alw, £)Vu(w, ) - Vo(w, z) do dP(w)

—V - (a(w,2)Vuw, ) = f(w,2) = {o Ip f(w, 2)v(w, z) de dP(w)
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Overview: stochastic Galerkin approaches

RPDE strong formulation RPDE weak formulation

-V - (a(w, z)Vu(w, z)) = f(w,x) B(u,v) = F(v) Yv € L2(Q; H(D; R))
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Overview: stochastic Galerkin approaches

RPDE strong formulation

e Requires a strong solution
o First and second order derivatives appear
o Derivative of diffusion coefficient appears

1ans-

RPDE weak formulation

e Rich Lax-Milgram theory
e First order derivatives appear

e No derivative of diffusion coefficient
e Testing necessary
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Polynomial chaos expansion

Finite Noise
Y =(Yi,...,Yn): QT cRY

A. Mugler and H.-J. Starkloff, On the convergence of the stochastic Galerkin method for random elliptic partial differential equations, ESAIM: Mathematical Modelling and Numerical
Analysis

D. Xiu and G. E. Karniadakis, The wiener—askey polynomial chaos for stochastic differential equations, SIAM Journal on Scientific Computing
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Polynomial chaos expansion

Finite Noise
Y =(Yi,...,Yn): QT cRY

Orthonormal tensorproduct polynomial Basis
(pk)k of L?(T;R)

A. Mugler and H.-J. Starkloff, On the convergence of the stochastic Galerkin method for random elliptic partial differential equations, ESAIM: Mathematical Modelling and Numerical
Analysis
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Polynomial chaos expansion

Finite Noise
Y =(Yi,...,Yn): QT cRY

Orthonormal tensorproduct polynomial Basis
(pk)k of L?(T;R)

Spectral expansion
(w, ) = 3 ¢k (@)pr (Y (w))
(y, z) = 2 dr(x)pr(y)

A. Mugler and H.-J. Starkloff, On the convergence of the stochastic Galerkin method for random elliptic partial differential equations, ESAIM: Mathematical Modelling and Numerical
Analysis

D. Xiu and G. E. Karniadakis, The wiener—askey polynomial chaos for stochastic differential equations, SIAM Journal on Scientific Computing
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Polynomial chaos expansion

Finite Noise Truncation at maximal polynomial degree P € N

Y =(Yi,...,Yn): QT cRY %7[

Orthonormal tensorproduct polynomial Basis
(pk)k of L?(T;R)

Spectral expansion
(w, ) = 3 ¢k (@)pr (Y (w))
(y, z) = 2 dr(x)pr(y)

A. Mugler and H.-J. Starkloff, On the convergence of the stochastic Galerkin method for random elliptic partial differential equations, ESAIM: Mathematical Modelling and Numerical
Analysis

D. Xiu and G. E. Karniadakis, The wiener—askey polynomial chaos for stochastic differential equations, SIAM Journal on Scientific Computing
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Polynomial chaos expansion

Finite Noise
Y =(Yi,...,Yn): QT cRY

Orthonormal tensorproduct polynomial Basis
(pk)k of L?(T;R)

Spectral expansion
(w, ) = 3 ¢k (@)pr (Y (w))
(y, z) = 2 dr(x)pr(y)

Truncation at maximal polynomial degree P € N

W,

Coupling dimensionality

N4P)!
M+1=UGE0

A. Mugler and H.-J. Starkloff, On the convergence of the stochastic Galerkin method for random elliptic partial differential equations, ESAIM: Mathematical Modelling and Numerical

Analysis

D. Xiu and G. E. Karniadakis, The wiener—askey polynomial chaos for stochastic differential equations, SIAM Journal on Scientific Computing
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Polynomial chaos expansion

Finite Noise Truncation at maximal polynomial degree P € N

Y =(Yi,...,Yn): QT cRY %7[

Orthonormal tensorproduct polynomial Basis
(pk)k of L?(T;R)

Coupling dimensionality

N4P)!
M+1=UGE0

Spectral expansion Solution space
(w, ) = 3 ¢k (@)pr (Y (w)) LFM)(TyR) @ H(D, R)
¢y, @) = X, or(2)pr(y) L*M)(TyR) = span(po, - - ., par)

A. Mugler and H.-J. Starkloff, On the convergence of the stochastic Galerkin method for random elliptic partial differential equations, ESAIM: Mathematical Modelling and Numerical
Analysis

D. Xiu and G. E. Karniadakis, The wiener—askey polynomial chaos for stochastic differential equations, SIAM Journal on Scientific Computing
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Overview: stochastic Galerkin approaches

RPDE strong formulation RPDE weak formulation

-V - (a(w, z)Vu(w, z)) = f(w,z) B(u,v) = F(v) Vv € L2(Q; H(D;R))

Polynomial chaos expansion
Stochastic Galerkin

|. Babuska and R. Tempone and G. E. Zouraris, Galerkin Finite Element Approximations of Stochastic Elliptic Partial Differential Equations, SIAM Journal on Numerical Analysis
R. G. Ghanem and P. D. Spanos, Stochastic Finite Elements: A Spectral Approach, Springer
C. Schwab and C. J. Gittelson, Sparse tensor discretizations of high-dimensional parametric and stochastic PDEs, Acta Numerica
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Overview: stochastic Galerkin approaches

RPDE strong formulation RPDE weak formulation

-V - (a(w, z)Vu(w, z)) = f(w,z) B(u,v) = F(v) Vv € L2(Q; H(D;R))

Polynomial chaos expansion
Stochastic Galerkin

Ryan = V- (@M vaM)) 4 fO0)

|
<Rﬂ(M) (') I):pk>L2(F;R) =0
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Overview: stochastic Galerkin approaches

RPDE strong formulation RPDE weak formulation

-V - (a(w, z)Vu(w, z)) = f(w,z) B(u,v) = F(v) Vv € L2(Q; H(D;R))

Polynomial chaos expansion
Stochastic Galerkin

Weak SRA
Ry = V- (@0Ovalh) 4 fO0 BOD (gD 5(M)) = FOD (5(M))

(R (%), P2 (rmy = 0 vo(*) e L%(M)(T; H(D;R))

|. Babuska and R. Tempone and G. E. Zouraris, Galerkin Finite Element Approximations of Stochastic Elliptic Partial Differential Equations, SIAM Journal on Numerical Analysis
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Overview: stochastic Galerkin approaches

RPDE strong formulation RPDE weak formulation

-V - (a(w, z)Vu(w, z)) = f(w,z) B(u,v) = F(v) Vv € L2(Q; H(D;R))

Polynomial chaos expansion
Stochastic Ritz

Weak SRA

EM) (M)
BOD (M) g(M)y _ FOM) (M)

Ryan = V- (@M vaM)) 4 fO0)

1
2

!
(Ruon (5 2), Pryr2rr) =0

uw* = arg min EM) (g(M) 7 (M))
a(M)

|. Babuska and R. Tempone and G. E. Zouraris, Galerkin Finite Element Approximations of Stochastic Elliptic Partial Differential Equations, SIAM Journal on Numerical Analysis
R. G. Ghanem and P. D. Spanos, Stochastic Finite Elements: A Spectral Approach, Springer
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Overview: stochastic Galerkin approaches

RPDE strong formulation RPDE weak formulation

-V - (a(w, z)Vu(w, z)) = f(w,z) B(u,v) = F(v) Vv € L2(Q; H(D;R))

Polynomial chaos expansion
Galerkin | Ritz

Weak SRA

e Set projected strong residual to zero e Minimizing energy functional
e Coupled system for spectral coefficients

e Generally applicable

e Coupled system for spectral coefficients
e No testing necessary
e Applicable in special cases

|. Babuska and R. Tempone and G. E. Zouraris, Galerkin Finite Element Approximations of Stochastic Elliptic Partial Differential Equations, SIAM Journal on Numerical Analysis
R. G. Ghanem and P. D. Spanos, Stochastic Finite Elements: A Spectral Approach, Springer
C. Schwab and C. J. Gittelson, Sparse tensor discretizations of high-dimensional parametric and stochastic PDEs, Acta Numerica
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Deep learning solution approach

Stochastic Galerkin method

® Curse of dimensionality: dimension of coupled system grows exponentially in model and
approximation complexity

® Conventional PDE solution techniques reach computational limits fast
® Method is usually limited to low complexity or special cases that enable decoupling schemes
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Deep learning solution approach

Stochastic Galerkin method

® Curse of dimensionality: dimension of coupled system grows exponentially in model and
approximation complexity

® Conventional PDE solution techniques reach computational limits fast
® Method is usually limited to low complexity or special cases that enable decoupling schemes

Deep learning approach to the stochastic solution
® Substitute a conventional PDE solver with a deep learning approach

e Mitigate curse of dimensionality: solved coupled system in fairly high dimensions on a single
NIVIDA RTX 3070 GPU

e Cost of giving up theoretical error bounds and convergence rates
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Deep learning approach

M
Neural network surrogate @ ™) (y, z) ~ e(z) >} N (2)pr(y)
K=o

S. Berrone, C. Canuto, M. Pintore, and N. Sukumar, Enforcing dirichlet boundary conditions in physics informed neural networks and variational physics-informed neural networks,
Heliyon

N. Sukumar and A. Srivastava, Exact imposition of boundary conditions with distance functions in physics informed deep neural networks, Computer Methods in Applied Mechanics
and Engineering

lans-

University of Stuttgart
Germany
9/13



Deep learning approach

M
Neural network surrogate @ ™) (y, z) ~ e(z) >} N (2)pr(y)
K=o

Boundary conditions enforcing
e(x) =0, 2€dD, e(x) >0, zeD

S. Berrone, C. Canuto, M. Pintore, and N. Sukumar, Enforcing dirichlet boundary conditions in physics informed neural networks and variational physics-informed neural networks,
Heliyon

N. Sukumar and A. Srivastava, Exact imposition of boundary conditions with distance functions in physics informed deep neural networks, Computer Methods in Applied Mechanics
and Engineering
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Deep learning approach

M
Neural network surrogate @ ™) (y, z) ~ e(z) >} N (2)pr(y)
K=o

Boundary conditions enforcing
e(x) =0, 2€dD, e(x) >0, zeD

Loss functions based on stochastic Galerkin/Ritz formulations
Training is unsupervised

S. Berrone, C. Canuto, M. Pintore, and N. Sukumar, Enforcing dirichlet boundary conditions in physics informed neural networks and variational physics-informed neural networks,
Heliyon

N. Sukumar and A. Srivastava, Exact imposition of boundary conditions with distance functions in physics informed deep neural networks, Computer Methods in Applied Mechanics
and Engineering
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Overview: stochastic Galerkin approaches

— <l

e Requires a strong solution
o First and second order derivatives appear
o Derivative of diffusion coefficient appears
e Minimizing a strong residual
e Generally applicable

Weak SRA

o Rich Lax-Milgram theory
e First order derivatives appear

e No derivative of diffusion coefficient
¢ No testing necessary

e Minimizing a weak residual
e Applicable in special cases

7
\.

Deep neural network surrogate

S-GalerkinNet

o Physics-informed neural network

(M. Raissi, P. Perdikaris, G. E. Karniadakis)
o Higher computational cost
e Higher hardware requirements

1ans-

e Deep-Ritz neural network

(W. E, B. Yu)
e Loss function given naturally

Germany

: University of Stuttgart
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Numerical experiment: log-normal diffusion

Log-normal diffusion coefficient
Gaussian random field, covariance kernel
k(z,z') = exp (—%(z — z')2)

Truncated KLE: a(w, z) = exp (Nil VAL ok (2) Yy (w))
k=0

Forcingterm f =1

Domain D = (0, 1)
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Numerical experiment: log-normal diffusion

Log-normal diffusion coefficient
Gaussian random field, covariancererneI
k N — _ 1 o
(@,2") = exp (=5 (= = 2)7) KLE truncation after N = 3

"o Maximal polynomial dimensi
Truncated KLE: a(w, ) = exp [ 3 N (@)Y (w) aximal polynomial dimension P = 0,...,7
k=0

Forcingterm f =1

W (M)
Domain D = (0, 1) Error ens o & llem6™ Wl 2 1 (022
' lullz2 (o, m1 (DiR))
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Numerical experiment: log-normal diffusion

7-107!

1-1072

Log-normal diffusion coefficient
Gaussian random field, covariance kernel
k(z,z') = exp (—%(z — z')2)

Truncated KLE: a(w, z) = exp (Nil VAL ok (2) Yy (w))
k=0

Forcingterm f =1

Domain D = (0, 1)

Neural network approximation errors for N = 3

—— S-GalerkinNet
=== S-RitzNet

4 10 20 35 56 84 120

Dimensionality M+ 1

Training time [min.]

KLE truncation after N = 3
Maximal polynomial dimension P = 0,...,7

H“*ugM) ||L2(Q;H1<D;1R>)

Error earo ~ Il 2 .1 (pir))

w0 Neural network training times for N = 3

—— S-GalerkinNet
351 — S-RitzNet

~
]

N
S

=
&

S

«

o

1 4 10 20 35 56 84 120
Dimensionality M+ 1
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Numerical experiment: KL-type diffusion

KL-type diffusion coefficient
a(w, (z1,22)) =3 —x122(1 —21)(1 — 22) —
200 1 2
3 X () e ke v + 1)
Y ~U([-1,1])
Forcingterm f =1

Domain D = (0, 1)
KL-type truncation after N = 1,...,40
Maximal polynomial degree P = 1
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Numerical experiment: KL-type diffusion

Neural network KL type errors
KL-type diffusion coefficient 3107 P
a(w, (z1,22)) =3 —x122(1 —21)(1 — 22) — —-- S-RitzNet
1 X0 1485 —F(zy—wg)?
3 2 ()7 e (Yi(w) +1)

Y ~L{([—1,1]) 21.107!
Forcingterm f =1 °

. 4207
Domain D = (0, 1)
KL-type truncation after N = 1,...,40 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40
Maximal polynomial degree P = 1 Dimensionality M +1

Neural network approximation errors

Neural network training times

—— S-GalerkinNet

20{ — s.GalerkinNet
5.10-2] 77 SHRitaNet 18{ — S-RitzNet
16

Training time [min.]
=
5

oN & o ®

1-1072

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 2

4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40
Dimensionality M+ 1

Dimensionality M+ 1
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Numerical experiment: random domain problem

N S-RitzNet solution path N S-RitzNet solution path S-RitzNet solution path
0.054 0.048 0.045
10/ 10 10
0.088 0082 0,040
0,082 0035
05 05 0.036 0s
0.036 0.030
0.030
0.030 0.025
00| 00 0.024 0.0
0.024 0.020
0.018 0.018
-0.5{ =05 -0.5. 0.015
0012 0012 0.010
0.006
10} 0.006 10 10 0,005
0.000 0.000 0.000
-1.0 -05 0.0 05 10 15 -10 -05 0.0 05 10 15 —1715 ~10  -05 0.0 05 10 15
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Numerical experiment: random domain problem

N S-RitzNet solution path N S-RitzNet solution path S-RitzNet solution path
0.054 0.048 0.045
10 10] 10
0.048 0,042 0.040
0.082
051 05 0.036 05 003
0036 0,030
0.030
0,030 0.025
00f 00/ 0.024 0.0
0.024 0.020
0.018 0.018
=05 =05 -0.5. 0.015
0012 o012 0.010
10 0.006 -10 0.006 10 0,005
0.000 0.000 0,000
-1.0 -05 0.0 05 10 15 _1'715 -10 -05 0.0 05 10 15 —1715 ~10  -05 0.0 05 10 15
Neural network approximation errors 350 Neural network training times
9107 —e— S-GalerkinNet —e— s-GalerkinNet
8.10~ —e— S-RitzNet 300] —&— S-RitzNet
7-107
3 250
6:107 &
o
° 2 200
55107 S
2
£ 150
41072 g
100
3-1072 50
3 6 10 15 21 28 3 6 10 15 21 28
Dimensionality M +1 Dimensionality M + 1
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Thank you for your attention!

Prof. Dr.

Andrea Barth

Institute of applied mathematics and numerical
simulation

University of Stuttgart, Germany
andrea.barth@mathematik.uni-stuttgart.de

M.Sc.

Fabio Musco

Institute of applied mathematics and numerical
simulation

University of Stuttgart, Germany
fabio.musco@mathematik.uni-stuttgart.de
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Appendix: strong Galerkin projection

® Find projection of solution on L**)(I'; R) ® H3(D; R)
® Truncated strong residual

Rﬂ,(f\’f) (U, 1’) =V (EL(AI> (yv ZL‘)V’ITL(AI)(:L/./ 'L)> + .f(]w) (ya l)

Strong form stochastic Galerkin approximation

For the truncated deterministic representation f*" e L%)(T'; L?(D; R)) of a given stochastic
forcing term, find the spectral coefficients uo, . . ., unr € HE (D;R) of
a™ (y,z) = M ui(z) pi(y) € L¥M)(T; H3(D;R)) such that for every k = 0,..., M

<R17,(M) ('7 (L’) ) Pk>L2(F;R) =0 ar & 'D,
@M (), Yoy =0 @ €D,

University of Stuttgart
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Appendix: weak Galerkin projection

® Substitution of truncated deterministic representations of random fields to approximate bilinear
and linear form

Weak form stochastic Galerkin approximation

For the truncated deterministic representation f*") e L*™)(T; H~'(D;R)) of a given stochastic
forcing term, find the spectral coefficients wo, . .., uar € Hy(D;R) of
a™ (y, ) = YL, ui(@)pi(y) € L¥(T; Hy (D; R)) such that

BMD (g™ 500y — pOD (D) for all M) e L%(T; Hy (D; R)).

® Stochastic Ritz approach: Solution «* is given as

ut = arg min 1B(N[)(EL(IVI), My — FOD () =, gD (7))

a(M)eL2:(M)(1;H (D;R)) 2

University of Stuttgart
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Appendix: S-GalerkinNet training strategy
o Recap: R, (1:0) = - ( (Mgl V(S35 @n ) ) + L, fledmno)

® Goal: find 6* € ©5C: <R,R(M>(~,m),p;€>L2(FR> Z0,foreveryk =0,...,M,zeD
9* ’

For smooth activation functions and every 6 € ©5¢ and k = 0, ..., M, the mapping
x — <RﬂéM> (- x),pk>L2(F;R) is a member of L?(D;R), i.e. SD<RL,§,G(., ), P32 (rm) AA () < 00

® Unsupervised loss function of least-squares type:

M
sa sa 1 2
L@ Ne™) = 3 ;;) (Rugge (@), Pi) o oz

e Training of S-GalerkinNet: Find a set of parameters 6* € ©5¢, such that

1 & !
A(D) - DL (@i NE) = 0

1=1

University of Stuttgart
Germany
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Appendix: S-RitzNet training strategy

® Recap:

) = || 38w 1V )13 = 7 0 0) 56 (0.0) i) dA(a)
® Goal: find 6* € %™ : @} = arg min EOD (M
® Unsupervised loss function natu:ally given:

(M)

L3 (23 NG™) = f 53 ) Va8 (4, 2)3 ~ ) (9, 2) 80 3, ) ()

T
e Training of S-RitzNet: Find a set of parameters 6* € ©5% such that

)\(D)% Z LSR(:ci;NQS*R) — min!
i=1

University of Stuttgart
Germany
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Appendix:

Neural Network

%

[ETTN Tn) € DP ‘—<

S-GalerkinNet | S-RitzNet

architectures S-GalerkinNet and S-RitzNet

Derivative Layer

4y ) = (NG /()
TS
AudgS (1)

Aj(m) =% ‘L, (1) Giji

Bji(z1) = SN, Vai(a)Gijn
Aji(@r) = Tilg aie) Gijn

ND)L S it Ttk (o Aselw) dusG )
Bjula) - V() + fi(e)”

MO T, (3500 Au (@) Vi) - Ves(a)

— Lo fulmu ()
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